Solutions to Homework 04
Math 482: Mathematical Methods of Operations Research (Spring 2026)

I. Let x;; = 1 if item ¢ is ranked before item j, and z;; = 0 otherwise.

(a) The linear ordering problem is

maximize 2z = 4x12 + 213 + 3T14 + 2291 + dxoz + 2204 + 3231 + T30 + 434 + 41 + 3742 + 2743

subject to i +xy =1, Vi<y,
xij +xj + K < 2,V distinet 4, 7, k,

(b) For a ranking, every pair contributes the weight of the earlier vertex over the later one.
For (1,2,3,4),

z=ai2+ai3+ais+ass+asy+ayy=4+1+3+5+2+4=19.
For (2,3,1,4),

Zz=a93+ao] +ass+az1 +aya+a4=5+2+2+3+4+3=19.
For (2,1,3,4),

z=a9] +as3+ass+ai3+ays+ayu=2+5+24+14+3+4=17.

(c) Using xj; = 1 — x;; for i < j, write the objective in terms of
Z12, %13, T14, T23, L24, T34-

Then

z=4x19 + T3+ 3T14 + 2(1 — 1712) + x93 + 294 + 3(1 — .Ilg) + (1 — 1723) + 4$34
+ (1 —z14) + 3(1 — 224) + 2(1 — w34)
=12+ 2210 — 2213 + 2214 + 403 — X024 + 2234.

Hence
2<124240+244+0+ 2 =22.

So 22 is an upper bound.

(d) From part (b), we already have feasible rankings with value 19, so
2* > 19.

To determine the optimum, evaluate all 24 rankings or argue from the simplified objective.
The rankings with largest value are

(1727374)) (2737174)7
and each has value 19. No ranking attains 20 or more, so
2 =19.

Therefore the optimal ranking is not unique.



II. Recall
mij = aij — ajl-.

(a) The margins are
mig = 2, mo1 = —2, mi3 = —2, m31 = 2, myy = 2, my = —2,
moz =4, mza = —4, mag = —1, myo =1, m3g = 2, my3z = —2.

b) The nonzero mixing terms are of the form b;; ;. = m;. — m;,. For distinct ¢, j, k, these
g J5J J J

are:
bi2,23 = mi3 — mao3z = —2 — 4 = —6, bi224 = mig —mag =2 — (—1) =3,
bi1332 = miz —m3z = 2 — (—4) = 6, bi334 = mig —mzgg =2 -2 =0,
bigaz =miz —mazg =2-1=1, braaz =maz —maz = =2 — (=2) =0,
ba1,13 = ma3 —miz =4 — (—2) =6, bo114 = mog —myy = -1 -2 = -3,
bog 31 =mo1 —mg1 = —2— 2= —4, bz 34 =mos —mgs = —1 -2 = -3,
baga1 = ma1 —my1 = -2 — (=2) =0, boa a3 = mag — my3 = 4 — (=2) =6,
b31,12 =m3z —mig = —4 — 2= —06, b31,14 = m3s —mig =2 -2 =0,
b3o21 = m31 —ma1 = 2 — (—2) = 4, b32,.24 = Mm3g — Mg =2 — (=1) =3,
b3a a1 = m3; —myg =2 — (—2) =4, bssa2 = Mgz — maz = —4 — 1 = —b,
barz = mag —mig =1-2= -1, ba1,13 = mag —my3 = —2 — (=2) =0,
baz21 = Mg —ma1 = -2 — (=2) =0, bao 23 = My3 — ma3z = —2 — 4 = —6,
baz 31 =My —msz = —2 — 2 = —4, byz 32 = Mgz —mazz = 1 — (—4) = 5.

Any omitted term is zero only because the formula gives 0 or because it is not of the form
bij,jk-
(c) The QLOP is

maximize Z Qi Tij + € Z Z bij,jkwijxjk
i#] i#] j#k
subject to rij+xp =1, Vi<j,
Tij +xj + T < 2,V distinet 1, g, k,

with the a;; from Problem I and the above b;; ;.
(d) From Problem I, the optimal LOP rankings are (1,2,3,4) and (2,3,1,4).
For (1,2,3,4), the consecutive pairs are (1,2),(2,3),(3,4), so the quadratic contribution
is
b12723 + b23,34 = (—6) + (—3) = -9,

Thus the full objective is
19 — 9e.



1L (a)

For (2,3,1,4), the consecutive pairs are (2,3),(3,1),(1,4), so the quadratic contribution
is
bz 31 + b31,14 = (—4) + 0 = —4.
Thus the full objective is
19 — 4e.

Since —4e > —9¢ for every € > 0, the ranking (2,3,1,4) has larger quadratic objective
than (1,2,3,4). Since these were already the only LOP-optimal rankings, it follows that
for sufficiently small € > 0 the QLOP has the unique optimal ranking

(2,3,1,4).

The parameter ¢ must be small enough so that the quadratic correction only breaks ties
among rankings with best linear value. If € were too large, then a ranking with smaller
linear value could overcome that loss through the quadratic term, so the problem would
no longer primarily reflect the original LOP objective.

Introduce binary variables y;; 1 intended to represent x;;xy;. The linearized model is

maximize Z Q;;T45 + Z Z bij kiYij ki
i# i#] kAl
subject to xij+xy =1, Vi<j,
Ty + X + TR < 2, Vo distinet 4, 7, k,
Yijt < Tij, ViFE g, kFL
Yijeo < TR, ViFE g, k#L,
Yijel > Tij +xp — 1, Vi#j§, k#I,
xzy c {07 1}7 Vi 7& j7
Yijkl € {07 1}7 Vi 7& j7 k ?é !
If z;; = 0, then y;; 1 < x5 = 0, 50 y;jm = 0. Similarly, if x5 = 0, then y;;; = 0. If

Tij = Tl = 1, then
Yijki = Tij + o) — 1 =1,

s0 ¥ij.kl = 1. Therefore, when the variables are binary,
Yij kl = 1 «— Tij = 1 and Tkl = 1,
which is exactly
Yij,kl = TijThl-

In the LP relaxation, z and y are allowed to be fractional. Then the three inequalities
only describe the convex envelope of the product over [0,1]2, not exact multiplication.
For instance, if x;; = w3 = 1/2, then y;; 4 can vary between 0 and 1/2, while the true
product is 1/4. Thus the relaxation admits extra fractional points and is weaker.

There are n(n — 1) = O(n?) variables x;;. There are
[n(n — 1)]* = O(n")

variables y;; ;. So the total number of variables is O(n?).



For constraints, there are
> = O(n2)

tournament constraints and O(n3) 3-cycle constraints. The linearization contributes
3n%(n —1)2 = O(n*) inequalities. Hence the total number of constraints is dominated by
O(n%).

The model is much harder because it introduces O(n*) new variables and constraints, and
its LP relaxation is weaker. So each LP is larger, the bounds are poorer, and branch-and-
bound or cutting-plane methods typically require much more work.

(e)

IV. The objective is
(a;1 — $2)2 + (1'2 — a:3)2 + (.763 — :IZ4)2 + (371 — 2)2 + 1’% + (1’3 — 1)2 + (564 — 3)2.

(a) Expanding,

f(x) = (23 — 2z129 + 23) + (22 — 22023 + 23) + (23 — 22324 + 23)
+ (2% — 4oy +4) + 23 + (25 — 223+ 1) + (27 — 624 +9)
= 229 + 323 + 323 + 227 — 21119 — 22973 — 2374
—4x1 — 2x3 — 64 + 14.
Thus 1
fx) = §xTQx +cf'x+d
with
4 =2 0 0 —4
-2 6 -2 0 0
©=lo -2 6 -2/ 7| I7H
0 0 -2 4 —6
(b) As above,
4 =2 0 0] —4
-2 6 -2 0 0
@=10 -2 ¢ —2|° ©7 |2
0 0 -2 4 —6
(¢) The matrix @ is symmetric. By Sylvester’s criterion, compute the leading principal mi-
nors: _
A =4>0, Ay = det _42 _6 =20>0,
Az =104 > 0, Ay =336 > 0.
Hence @ is positive definite.
(d) Solve @x = —c, i.e.
4 —2 0 0 I 4
—2 6 -2 0| |z |0
0 -2 6 =2| |z3| |2
0 0 -2 4 T4 6



(e)

This gives the system

4x1 — 220 = 4,

—2x1 + 629 — 223 =0,
—2x9 + 63 — 214 = 2,
—2x3 + 4x4 = 6.

Solving,

671
64
35
* 32
31
16

79
| 32

The minimizer is a compromise between two goals: staying near the data (2,0, 1,3) and
keeping adjacent vertices close together. So the solution smooths the data along the path
graph. In particular, the extreme values are pulled toward their neighbors and the interior
values are averaged with nearby vertices.

V. The objective is

(a)

z= :c? + 23:% + x120 — 621 — 420

The gradient is
_|221+ 29— 6
Vz= |:$1—|-4:U2—4:| ’

Set this equal to zero:
2x1 + 22 = 6, r1 + 4xo = 4.

Solving gives

This point is not feasible because

Since the critical point is not feasible, the optimum occurs on the boundary of the feasible
region. Because the Hessian will be positive definite, the level sets are ellipses centered at
the critical point. The minimum over the feasible triangle is therefore where the smallest
level set first meets the feasible region.
Check the boundary pieces.
Along zo = 0 with 0 < x7 < 3,

z = x% — 6z,
which is minimized at x; = 3, giving z = —9.
Along x1 =0 with 0 < 29 < 3,

2 = 213 — dxy,

which is minimized at x5 = 1, giving z = —2.



Along x1 + 2o = 3, write x9 =3 — 21 with 0 < z; < 3:

2(x1,3 —z1) =27+ 23 —x1)? + 21(3 — 1) — 621 — 4(3 — 1)
=227 — 11z + 6.

This is minimized at

with value

with objective value

z* = —E.
8
The Hessian matrix is
2 1
H= [1 4} |
Its characteristic polynomial is
N — 6N+ 7,
so the eigenvalues are
A=3++2,

both positive. Hence H is positive definite, so the objective is strictly convex. Therefore
any feasible point satisfying the boundary minimization condition is the unique global
minimizer.



