Math 140 Worksheet Week 13 Solutions

Week 13: Riemann Sums and Exact Area

Throughout, we divide the interval [a, b] into n subintervals of equal width

and define

Thus,

1. (Linear Function)
Evaluate

using the sample points

Ti—1+ T
T 9 .
Since f(x) = x, we have
Ti—1 +x;
flei)Ax = ¢;Az = %Am.
Because
T — Ti—1 = Az,
we may write
2 2
Ti—1+ T4 Ag — Ly — i
2 2
Therefore,
n n

This is a telescoping sum:

Hence,




2. (Exponential Function)
Evaluate

b
/ e’ dx

eAr
Ci:.fﬂifl—'—ln Tx .

using the sample points

Since f(z) = e, we compute

Since
x; = vi—1 + Az,
we have
B:E’_IGAJ: — i
- )
SO
flei)Ax = e* — i1,
Therefore,
n n
Zf(Ci)ASL' = Z(e‘rz i1,
=1 =1

This telescopes:

Hence,

3. (Reciprocal Function)
Assume 0 < a < b. Evaluate

using the sample points
T — Ti—1

- Inz; —Inx;_q
Since f(z) = 1, we have

:E’

flei)Ax = ;Aa:.

(&



From the definition of ¢;,
Ty — T
G = ’
Inz; —Inx;_q

SO

1 Inz—Inwz;,

Ci T — Ti—1

Multiplying by Az = z; — x;_1 gives
fle)Ax =Inx; — Inx;_q.

Therefore,
n

Z flci)Ax = Z(lnxi —Inx;_1).
i=1

=1

This telescopes:
n

Z(lnxi —Inz;1)=lnz, —lnzg=Inb—Ina.
i=1

Hence,
b1
/ —dr =Inb-—1Ina.
o X

4. (Reciprocal Square Function)
Assume 0 < a < b. Evaluate

b
1
/2df17
0 T

using the sample points

C; = \/X;-17;5.
Since f(x) = a:%’ we have
1
flei)Ar = 5 Ax.
G
Because
Ci = /Ti—1%4,

it follows that
012 = Tj—-175.

Thus,
A
fle)Ax = T
Ti—1%4
Now,
Ax = Tj — Tj—1,
SO ) )
Ti — Ti—1
ci)Azr = = ——.
fle) Tiaxg Tl T

Therefore,

izn;f(ci)m - zn: <$;1 - ;) .

=1



This telescopes:

Hence,

5. (Reciprocal Square Root Function)
Assume 0 < a < b. Evaluate

using the sample points

Since f(z) = ﬁ, we have

From the definition of ¢;,

VZi—1+ /T
R

C; =

Therefore,
1 2

Va VIt E

Multiplying by Ax = z; — x;_1 gives

2(%1‘ — xi—l)

flei)Az = m
Now use
zi — i1 = (V@i — 2im1) (V& + VTic1),
to obtain
fleo)Aw = 2(Vwi — ri1).
Therefore,

> fle)de =" 2(va — /Eia).
1=1 i=1

This telescopes:
n

2T — V/ET) = 2(/Fn — v/T0) = 2(Vb — Va).

i=1

Hence,

b1
/a ﬁd:c:%\/g—\/&).



6. (Reflection)
In each of the previous problems, the Riemann sum telescopes. Explain why this happens. What
role does the function F(z) (an antiderivative of f(z)) appear to play in this process?

In each problem, the sample points ¢; were chosen so that
fle) Az = F(x;) — F(xi-1),

where F' is an antiderivative of f. Therefore,

Zf(CZ)Ax = Z(F(xz) — F(wi_l)).
i=1

i=1

This is a telescoping sum, so all of the middle terms cancel and we obtain
> fle)Ax = F(zy) — F(xg) = F(b) — F(a).
i=1

Thus, the antiderivative F' is what makes the telescoping structure possible. This pattern leads
directly to the Fundamental Theorem of Calculus:

b
/ f(z)dz = F(b) — F(a).



