Inverse Trigonometric Integrals

Math 140: Calculus with Analytic Geometry

1 Introduction

We now study integrals whose antiderivatives involve inverse trigonometric functions. The
most important basic forms are

1
x = arcsin(x) + C, / 2 dx = arctan(z) + C,

==
1 — a2
1
——— dx = arcsec(|z|) + C.
| = (1)
Most integrals are not initially in these forms. Instead, we use algebra and substitution
to rewrite the integrand so that one of these patterns appears.

2 Rewriting the Integrand

Example

Evaluate
T+ 2

iz

Split the integral:

/—”“" d +/—2 d
= €T xZ.
V4 —a? V4 —a?

For the first integral, let u = 4 — 22, so du = —2x dx:
= —V4 — 22

For the second, factor:
2 1
/ S . / I
Nz V1= (2/2)?
Let u= 3, so dr = 2du:

= 2arcsin(u) = 2 arcsin (g) :

Thus,
= —vV4 — 22 4+ 2 arcsin (g) + C.
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Example

Evaluate
V42

i \/ﬁdm
= <—\/m + 2 arcsin (g))

1

3 Completing the Square

Example

Evaluate

1
—dx.
/x2—4x+7 o

v? — 4+ 7= (z—2)*+ 3.

Let u = x—\;;, so dz = /3 du:

Complete the square:

1
= / T du = arctan(u) + C.

t (x_2)+0
— arctan e — .
V3

Example

Evaluate

2 1
——duz.
/0 e P

arcta <$_2) ’2
= arctan .
V3 ) lo

4 Square Root Expressions

Example
Evaluate
[ =
—dx.
3x — 22
Rewrite:

9 3\ 2
J— 2: —_ —_— =
3r —«x 1 <:1: 2) .



dz.

Let
-3 3
u:x32, dxr = = du.
5 2
3 1 3 .
=3 / i du = 3 arcsin(u) + C.
3 2z — 3
= §arcsin < 9[:3 ) + C.
Example
Evaluate
=
—dx.
0 V3xr — a2

3 . 2r — 3 ‘3
= — arcsin )
2 3 0

5 Exponential Substitution and Arcsec

Example

Evaluate

1
/—dx.
e2r — 1]

Let u = €%, so dr = %“:

1
= | ———du = arcsec(u) + C.
/ux/uQ—l (v)

= arcsec(e”) + C.

Example
Evaluate
In2 1
——dx.
0 ver —1
Let u = e*:
r=0=>u=1, r=In2=u=2.

RN Wl
= — QU = arcsecl(u .
/1 uvuz —1 1
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6 Summary

Inverse trigonometric integrals arise after rewriting an integrand into one of the forms

1 1 1
VI—22 1+22 /a2 -1

The key idea is not memorizing formulas, but rewriting the integrand so that these
patterns appear.




