Math 140: Calculus I (Spring 2026)
Homework Week 12 Solutions

Relevant Topics: antiderivatives, indefinite integrals, definite integrals, area, sequences
of partial sums

1. Evaluate the indefinite integral:

/ (6355 — 42% + 3) dx

Using the power rule,

4
/(6x5—4x2+3) dxzx6—§x3+3x+0.

4
/(6x5—4x2+3) d:c:x6—§:c3—|—3x—|—0

2. Evaluate the indefinite integral:

1
/ (— +sec®x — em) dz
x

Using basic antiderivative formulas,

1
/(—+sech—ef”) dr =In|z| + tanz — " + C.
T

1
/<—+sec2$—ex> de =In|z|+tanz —e* + C
x

3. Evaluate the indefinite integral:

/ (3x1/2 + 2272 — 5cos :L’) dx

Using the power rule and trig formulas,
3/2
/3:1:1/2dx =3- T / = 22°/%,

-1
/2x‘2dx22-x—:

1



/—5 cosxdr = —bsinz.

Thus,

2
/(31’1/2—1—290_2 —5cosx) dr =22°? — Z —5¢inx + C
T

4. Evaluate the indefinite integral:

2 1
/ 43 — Z 4 3" + dx
T 1+ 22
3 4 2
4’ dr = x°, ——dr = —2In|z|,
x

1
/36“” dx = 3e”, / dx = arctanz.
1+ a2

Term-by-term,

Therefore,

2 1
/ A3 — 2 4 3e” + dgg:x4—21n|:p|+36$—|—arctanx+0
T 14 22




. Evaluate the definite integral using geometry:

6
/ Sdx
0

This is the area of a rectangle with base 6 and height 5:

6
/ ddr =6-5=30.
0

. Evaluate the definite integral using geometry:

4
/ xdx
0

This is the area of a right triangle with base 4 and height 4:

* 1
/0 rdr = 5(4)(4) = 8.

. Evaluate the definite integral using geometry:

1
/ V1 —22dx
1

The graph of y = v/1 — 22 is the upper semicircle of radius 1. Therefore,

1
1
/ V1—z2dr = 5%(1)2 = g
-1

T
2



8. Evaluate the definite integral using geometry:

/03(30 +1)dx

The region under y = x + 1 from x = 0 to x = 3 is a trapezoid with bases 1 and 4 and
height 3. Hence,

/0 (o4 1)dr = Z(1+4)(3) = .

15

2

9. Let
Aright

denote the right-endpoint rectangle approximation to

2
/ ridx
-1
using n subintervals of equal width.
Since the interval [—1,2] has length 3,

3
Ax = —.
n
The right endpoints are
T, = —1 ﬁ, 1=1,2,....,n
n
(a) Compute A5&".
Here 3
Az = —
T=1
and the right endpoints are
1 1 5
- =, =, 2.
4 27 4

Thus,




(b) Write A8t as a summation.

. " " 3i\% 3
Arlght: NAr = -1 _ —.
= fr)a Z( Sk

n

. 3 30\’
Arlght:_ -1 e
" nz< + n)

=1

(c) Use summation formulas to write A" without sigma notation.

N\ 2 . .9
<_1+@):1—@+9i
n

First expand:

n n2
So
: 3 — 6i  9:2
Arlght:_ 1__ e
" n;< n+n2)
3 (< b, 9 =
=1 =1 =1
Using
- —~ . n(n+1) ~ , nn+1)(2n+1)
YIRS WEEL R S
i=1 i=1 2 i=1 6
we obtain
Aﬁght:é n_g'n(n—i—l)+3‘n(n+1)(2n+1)
n n 2 n?2 6
3 3 1)(2 1
:—(n—3(n—|—1)+—-(n+ )2n + >>.
n 2 n
Simplifying,
Aright:3_‘_i+i
n on  2n?’
) 9 9
Arlght:3 e v
" +2n+2n2

(d) Evaluate lim,,_,, Atisht,

. 9 9
. right _ 1: —
nll_{xolo ALY = nh_{go <3 + o + _2n2) 3.

lim Ay =3
n—oo "




10. Let
Aleft

denote the left-endpoint rectangle approximation to

2
/ 22dx
-1

using n subintervals of equal width.

The left endpoints are

— 1
avz:—l—i—g(Z ), 1=1,2,...,n
n
(a) Compute AP
Here 3
Ax = —
T 7
and the left endpoints are
1 1 5
_17 T a n
4" 27 4
Thus,
3 N\ /1\* [5\°
Aleft _ 1 - - e
-t ()6 ()]
3 1+1+1+25 3 /46 69
4 16 4 16) 4\16) 32
Aleft — @
t 32

(b) Write A" as a summation.

g3 (L %0Y's

=1

3 < 3(i—1)\>
Aleft:_ _1
" nz( * n )

=1

(c) Use summation formulas to write A" without sigma notation.
Expand:

(‘”@)2 . 6@'”—1) +9(2';21)2.

Hence,

: n?
=1

6



11.

Now use

=1 7=0 6
So
Aleft:§ n_gn(n_1>+g (n_
" n n 2 n?
Simplifying,
9 9
Aleft =3 - v
" 2n  2n?
9 9
Aleft =3 - v
" 2n  2n?
(d) Evaluate lim,, o, A,
lim AM" = lim (3 — 9,9
n—oo n— o0 2n 2n2
lim At = 3
n—oo
Let
Amid
denote the midpoint rectangle approximation to
2
/ z2dx
-1
using n subintervals of equal width.
The midpoints are
3(20—1
x; = —1 (2 ), 1=1,2,
2n
(a) Compute AP,
Here 3
Ax = -
T=7
and the midpoints are
5 1 7 13
8 8 8 8

)-s



Thus,

5 2+ 1 2+ 7 2+ 13\ 2
8 8 8 8

3 25+ 1 +49+169 3 244 183
64 64 64 64 164 64

183
64

mid __
A4 —_—

(b) Write A™4 as a summation.

S 3(2i—1)\* 3
Amid — =) 2
" Z ( * 2n ) n

=1

P 320 —1)\?
Amld:_ -1 =TT
" nz( * 2n >

i=1

(c) Use summation formulas to write A™9 without sigma notation.

First write
3(2¢ —1) _ bi— (2n + 3)

-1 =
+ 2n 2n
So
4 3~ [6i—(2n+3)
Amld _ = B S — 6 2 3
=23 () - S Y -
Expand:
(61 — (2n + 3))? = 364> — 12(2n + 3)i + (2n + 3)*.
Hence

Amid = 4;; (3622 —12(2n + 3) ZHZ (2n + 3) >
=1 =1

Using the summation formulas,

3 n(n+1)(2n+1) n(n+1)
mid __ _ . 2
AN =13 (36 5 12(2n + 3) —5 n(2n+3)° | .
Simplifying,

9

Amld =3 -

4n?’
9

Amld -3

4n?




(d) Evaluate lim,,_,q, A™4,

lim A™4 = lim (3 — %) = 3.

n—oo n—oo

lim A™4 =3
n—oo

. Challenge. Derive a sequence of partial sums that converges to .

Consider the semicircle
y=v1-—a2 —-1<z<1.

Its area is

1
/ \/1—x2dx:g.
-1

Divide [—1, 1] into n equal subintervals. Then

2
Ar = —,
n
and using right endpoints,
9
n
A right-endpoint approximation is
2 2\
A, =2 1—(—1+2) .
23 (42)
As n — o0,
s
A, — —.
2
Therefore,

4 & 2\ 2
= lim — 1—(-1+=) |
DD ( m)

So one sequence of partial sums converging to 7 is

4 2i\ 2
P,=—= 1—(-14+=) |
iy ()




